The strong chromatic number, χ S (G), of an n-vertex graph G is the smallest number k such that after adding k⌈n/k⌉ − n isolated vertices to G and considering any partition of the vertices of the resulting graph into disjoint subsets V 1 , . . . , V ⌈n/k⌉ of size k each, one can find a proper k-vertex-coloring of the graph such that each part V i , i = 1, . . . , ⌈n/k⌉, contains exactly one vertex of each color.
for any ∆ and any n ≥ ∆ + 1.
The following theorem is our main result which gives an exact value for f (∆, n) when ∆ ≥ n/6. It also provides a minimum degree condition for the existence of a K 3 -factor in tripartite graphs. Theorem 1.1 Let G be a graph on n vertices with maximum degree ∆, ∆ ≥ n/6. Then χ S (G) ≤ 2∆. Moreover, for any positive integers ∆ and n, such that ∆ ≤ n/2 there is a graph G 0 on n vertices, maximum degree ∆ and χ S (G 0 ) ≥ 2∆. Corollary 1.2 For any positive integer ∆ and any n such that n/6 ≤ ∆ ≤ n/2, f (∆, n) = 2∆. Moreover, f (∆, n) ≥ 2∆ when ∆ ≤ n/2.
Proof of Theorem 1.1
In [7] , [8] and others, it was noted that for specific values of n depending on ∆, there is a graph G such that χ S (G) ≥ 2∆. We observe here that a similar, but general construction gives the same bound for arbitrary n. Let ∆ ≤ n/2, let G 0 be a graph formed by a disjoint union of a complete bipartite graph K ∆,∆ and n − 2∆ isolated vertices. Assume that χ S (G 0 ) ≤ 2∆ − 1, that is, for r = 2∆ − 1, any partition of V (G 0 ) and r⌈n/r⌉ − n isolated vertices into t = ⌈n/r⌉ sets of equal sizes, V 1 , . . . , V t , allows a proper r-coloring of the resulting graph such that each V i uses all the colors. Note that t ≥ ⌈2∆/(2∆ − 1)⌉ = 2. Now, let A, B be the partite sets of a complete bipartite subgraph of G 0 with |A| = |B| = ∆, let A ⊆ V 1 and B ⊆ V 2 . Then it is easy to see that it is impossible to find the desired r-coloring.
Together with the upper bound which we prove below, we shall have that χ S (G 0 ) = 2∆ when n/6 ≤ ∆ ≤ n/2. Now we shall prove the main statement of Theorem 1.1 by providing an upper bound on the strong chromatic number. Let G be a graph on n vertices with maximum degree ∆ ≥ n/6. Let ∆ ≥ n/2. Then 2∆ ≥ n and we trivially have that χ S (G) ≤ n ≤ 2∆. Let n/4 ≤ ∆ < n/2. Thus, n/2 ≤ 2∆ < n and we have to partition V (G) and needed isolated vertices arbitrarily into two sets V 1 and V 2 , |V 1 | = |V 2 |. Each vertex in V 1 is nonadjacent to at least |V 2 |/2 vertices in V 2 and vice versa. Consider the bipartite complement G ′ of this graph. That is, the edge set of G ′ consists of all pairs {v 1 , v 2 }, v 1 ∈ V 1 and v 2 ∈ V 2 such that {v 1 , v 2 } / ∈ E(G). We claim that for each S ⊆ V 1 , |N (S)| ≥ |S|. Indeed, assume that there is a set S ′ ⊆ V 1 for which
vertices, a contradiction. Applying the König-Hall theorem to G ′ gives a perfect matching, which provides a proper coloring of the original graph, G, with 2∆ colors, each represented exactly once in V 1 and exactly once in V 2 .
Let n/6 ≤ ∆ < n/4. As before, in order to verify that χ S (G) ≤ r = 2∆, we need to add r⌈n/r⌉−n isolated vertices to G and partition the resulting vertex set arbitrarily into parts V 1 , V 2 , V 3 of equal sizes. We shall be treating this case by analyzing and extending partial colorings.
A partial strong coloring of G with respect to V 1 , V 2 , V 3 is a proper coloring of a subset of the vertices of G such that no two colored vertices in the same part V i , i = 1, 2, 3 have the same color and each color class contains exactly 3 vertices. For a set S of vertices and a vertex coloring χ, we say that S is partially multicolored by χ if any two vertices in S, which are colored by χ, have distinct colors. Let χ be a maximal partial strong coloring of G with respect to V 1 , V 2 , V 3 . We will show that we can always enlarge such partial strong coloring; i.e., create another partial strong coloring with more colors, until we color all the vertices. For a color c, we denote the vertices of this color {c 1 , c 2 , c 3 }, where c i ∈ V i for i = 1, 2, 3. We fix v 1 ∈ V 1 , v 2 ∈ V 2 , v 3 ∈ V 3 such that none of v 1 , v 2 , v 3 are colored by χ. For i = 1, 2, 3, define the following set:
is not adjacent to a vertex of color χ(u)} ∪ {u ∈ V i : u is not colored by χ}.
Observe that any colored vertex in X i can be replaced by v i , i = 1, 2, 3 to create another strong partial coloring. Note also that
where t i is the number of neighbors of v i in {v 1 , v 2 , v 3 }.
To simplify the notation, we shall assume that no color of χ is labelled by x, v, or w, we reserve x i or w i to denote a vertex in X i (it might be colored or not colored), and v i are the vertices fixed above. We shall write z ∼ y, z ∼ y if zy ∈ E(G), zy / ∈ E(G), respectively. For disjoint subsets S 1 , S 2 of vertices of G and a vertex z, z / ∈ S 1 , we write S 1 ∼ S 2 if each vertex in S 1 is adjacent to all vertices in S 2 , S 1 ∼ S 2 if there are no edges between S 1 and S 2 , and
To start the proof, we give two lemmas which allow us either to enlarge χ or to replace χ with another partial strong coloring such that some three specific vertices become uncolored and the number of colors remains the same. Now, suppose exactly one x i is uncolored, without loss of generality, x 1 = a 1 , x 2 = b 2 and x 3 is uncolored. Replace color classes a and b with new color classes {v 1 , a 2 , a 3 }, {b 1 , v 2 , b 3 }. Suppose exactly one x i is colored, without loss of generality, x 1 = a 1 and x 2 , x 3 are uncolored. Replace color class a with the new color class {v 1 , a 2 , a 3 }. Each case makes {x 1 , x 2 , x 3 } uncolored.
Lemma 2.2
(1). If there is a set {x 1 , x 2 , x 3 }, with x i ∈ X i , i = 1, 2, 3, which induces an independent set and is partially multicolored then χ can be enlarged.
(2). If there is a set {x
such that {x j , x k } is partially multicolored, and both {x i , x j , x k } and {x ′ i , x j , x k } induce independent sets, then χ can be enlarged. (3) . Let a set {x 1 , x 2 , x 3 }, with x i ∈ X i , i = 1, 2, 3, induce an independent set and the set {v 1 , v 2 , v 3 } induce neither an independent set nor a clique. Then either χ can be enlarged or one can find another partial strong coloring with as many color classes as in χ and with three uncolored vertices
Proof.
(1): By Lemma 2.1 there is a partial strong coloring with as many color classes as in χ and such that x 1 , x 2 , x 3 are uncolored. We can give these vertices a new color thus enlarging the coloring.
is partially multicolored then we can use (1), otherwise assume, without loss of generality, that i = 1, j = 2, k = 3 and
Consider the following sets of vertices: {v 1 , b 2 , a 3 }, {b 1 , v 2 , b 3 } and {a 1 , a 2 , v 3 }. They are independent because of the definition of X i 's, i = 1, 2, 3. We can color vertices in each of these sets with the same new color, which replaces color classes a, b and saturates vertices {v 1 , v 2 , v 3 }, thus enlarging χ. 
by v 3 in its color class (if x 3 is colored) and replace a color class a with two new color classes: {v 1 , x 2 , x 3 }, {x 1 , v 2 , a 3 }, thus enlarging χ. If x 3 ∼ v 2 then replace x 1 by v 1 in its color class, replace x 3 by v 3 in its color class (if x 3 is colored), and give a new color to the independent set {x 1 , v 2 , x 3 }, thus enlarging χ. Note that the case when χ(x 1 ) = χ(x 3 ) = a is symmetric.
Case 4. {x 1 , x 2 , x 3 } is partially multicolored. This is part (1) of this Lemma.
Next, we consider three cases depending on how many edges the set {v 1 , v 2 , v 3 } induces in G. We shall greedily choose appropriate x i ∈ X i , i = 1, 2, 3 and enlarge the coloring. The proof begins with Case 1, where {v 1 , v 2 , v 3 } induces three edges. In this case, the coloring can be enlarged. In Case 2, {v 1 , v 2 , v 3 } induces two edges, without loss of generality v 2 ∼ v 3 , and either the coloring can be enlarged or another coloring with the same number of colors can be found so that there are three pairwise adjacent uncolored vertices reducing the analysis to Case 1. Finally, in Case 3 there is only one edge, without loss of generality v 1 v 2 , induced by {v 1 , v 2 , v 3 }. In this case, either the coloring can be enlarged or we can find a coloring that puts us in Case 2 or Case 1. See Figure 2 . In Cases 1 and 2 we shall need the following parameter:
. By the choice of x 1 , |S| ≥ |X 3 | − (∆ − q) − q ≥ (∆ + 2) − ∆ = 2, thus there are two vertices x 3 , x ′ 3 ∈ X 3 nonadjacent to both x 1 and x 2 . Therefore, Lemma 2.2 (2) can be applied to the four vertices x 1 , x 2 , x 3 , x ′ 3 to enlarge the coloring.
In this case, |X 1 | ≥ ∆ + 2 and
. Note that such x j and x k exist since |X j | ≥ ∆ + 1 and
Therefore, we can apply Lemma 2.2 (3) to an independent set {x i , x j , x k }. This either enlarges χ or reduces Case 2 to Case 1.
We show that in each of the Cases 3.1-3.3 one can enlarge the coloring, either directly or by finding a coloring with the same number of colors that satisfies either the conditions of Case 2 or the conditions of Case 1. These subcases are arranged according to the presence of specific paths in X 1 ∪ X 2 ∪ X 3 , see Figure 3 .
Case 3.1. There is no path with three vertices w 1 , w 2 , w 3 ; w i ∈ X i , i = 1, 2, 3.
We have that |X 1 |, |X 2 | ≥ ∆ + 1 and |X 3 | ≥ ∆. Let G i,j be the bipartite subgraph of G induced by the edges of G between X i and X j , with i = j and i, j ∈ {1, 2, 3}. Note that G i,j = G j,i . Moreover, the distinct graphs G i,j are pairwise vertex-disjoint. If one of G i,j has a nonedge x i ∼ x j , then for any x k ∈ X k , k ∈ {1, 2, 3} \ {x i , x j }, {x 1 , x 2 , x 3 } is an independent set. Thus, we can assume that each G i,j is a complete bipartite graph. It is easy to see that in this case there is also an independent set {x 1 , x 2 , x 3 }, x i ∈ X i , i = 1, 2, 3. Now, we can apply Lemma 2.2 (3) to {x 1 , x 2 , x 3 } and either enlarge the coloring or reduce the analysis to Case 1.
There is a path P with three vertices w 1 , w 2 , w 3 ; w i ∈ X i , i = 1, 2, 3 such that either the vertices of P are partially multicolored or the middle vertex of P is in X 1 ∪ X 2 .
If P is partially multicolored, we can apply Lemma 2.1 immediately to obtain a partial strong coloring with as many colors as χ and with vertices of P being uncolored. We can now choose v i = w i , i = 1, 2, 3 and use Case 2 or Case 1.
If P has repeated colors on its vertices, these can be only endvertices of P . Without loss of generality, let the midpoint of P be w 1 ∈ X 1 , let a 2 = w 2 , a 3 = w 3 be the endpoints of P . If w 1 is not colored, replace color class a with an independent set {a 1 , v 2 , v 3 }. If w 1 has color b, then, in addition, replace the color class b with an independent set {v 1 , b 2 , b 3 }. This uncolors w 1 , w 2 , w 3 and brings us to Case 2. Case 3.3. There is a path (w 1 , w 3 , w 2 ); with w i ∈ X i , for i = 1, 2, 3, and w 1 , w 2 of the same color. Moreover, there are no paths satisfying the conditions of Case 3.2.
Note that there is no independent set {x 1 , x 2 , x 3 }, x i ∈ X i , otherwise we can either enlarge the coloring or reduce the analysis to Case 1 by Lemma 2.2 (3). Note also that if x 1 ∼ x 2 , x i ∈ X i , i = 1, 2, then {x 1 , x 2 } ∼ X 3 , otherwise it is Case 3.2. Therefore, we have that the bipartite subgraph of G with parts X 1 , X 2 induces one nontrivial connected component F which must be a complete bipartite graph. Since v i ∈ X i , i = 1, 2, 3, and
Then, in particular, we have that a i ∈ A i , i = 1, 2, and |A 1 | = |A 2 | = 1, otherwise we shall find a path satisfying Case 3.2. Since |X 1 |, |X 2 | ≥ ∆ + 1, we have that |B 1 | = |B 2 | = ∆. Therefore, we can conclude that |X 1 | = |X 2 | = ∆ + 1 and |X 3 | = ∆.
Claim. The vertices v 1 , v 2 , v 3 are the only uncolored vertices and every color class other than a has exactly one member in X 1 ∪ X 2 .
Proof of Claim Let b be a color used by χ, b = a, not present on vertices of X 1 . N (v 2 ) = B 1 , so v 2 ∼ b 1 and v 2 ∼ b 3 . This implies that b 2 ∈ X 2 . Thus, any color b, b = a, is used on some vertex in X 1 ∪ X 2 .
Let t be the number of uncolored vertices in each V i , i = 1, 2, 3; i.e., the number of color classes in χ is 2∆ − t. The fact that each color class other than a contains at least one member of X 1 ∪ X 2 and a contains two such members gives that |X 1 | + |X 2 | ≥ (2∆ − t + 1) + 2t. Here, the expression in parenthesis gives the lower bound on number of colored vertices in X 1 and X 2 and 2t is the number of uncolored vertices in X 1 and X 2 . Because |X 1 | + |X 2 | = 2∆ + 2, we have that t = 1. As a result, every vertex other than v 1 , v 2 , v 3 is colored and every color class other than a contains exactly one vertex from X 1 ∪ X 2 .
By Claim, there are 2∆ − 2 colors different from a in χ. Let ν be the number of neighbors of v 3 colored differently than a. Since v 3 ∼ {a 1 , a 2 }, we have that deg(v 3 ) ≥ ν + 2. For a color c, c = a, the conditions v 3 ∼ c 1 and v 3 ∼ c 2 imply that c 3 ∈ X 3 . Using also the fact that v 3 ∈ X 3 , we have that |X 3 | ≥ (2∆ − 2 − ν) + 1. Since |X 3 | = ∆, we have that (2∆ − 2 − ν) + 1 ≤ ∆, thus ν ≥ ∆ − 1. Therefore, deg(v 3 ) ≥ ν + 2 ≥ ∆ + 1, a contradiction.
This concludes Case 3.3, and the proof of Theorem 1.1.
Concluding Remarks
It should be noted that Theorem 1.1 is equivalent to the following:
Corollary 3.1 Let G be a tripartite graph with parts of size n each. If the minimum degree of G is at least 3n/2 then G has a K 3 -factor.
This result provides another sufficient condition for the existence of K 3 -factors. For other results in this area, see for example, [3, 11, 2, 6, 13, 14, 9] . It also came to author's attention after the manuscript has been submitted that this problem has been considered independently in [10] , by treating r-factors in multipartite graphs under maximum degree conditions.
